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Abstract—In this paper, we empirically analyze the spatial
distribution of Chinese cities using a method based on triangle
transition. This method uses a regular triangle mapping from
the observed cities and its three neighboring cities to analyze
their distribution of mapping positions. We find that obvious
center-gathering tendency for the relationship between cities
and its nearest three cities, indicating the spatial competition
between cities. Moreover, we observed the competitive trends
between neighboring cities with similar economic volume, and
the remarkable cooperative tendency between neighboring cities
with large difference on economy. The threshold of the ratio of the
two cities’ economic volume on the transition from competition
to cooperation is about 1.2. These findings are helpful in the
understanding of the cities economic relationship, especially in
the study of competition and cooperation between cities.
Index Terms—Spatial Economics; Urban System; City Distri-
butions; Economic Relationship Between Cities; Mapping Trian-
gle
I. INTRODUCTION
In the recent decades, as a typical regional economic system,
urban systems have attracted much attention from researchers.
Series previous empirical studies has exhibited the basic
feature of real-world urban systems: i) strong hierarchical
structure, which usually means a few large cities are scattered
among a large number of small and medium-sized cities,
and the power-law-like city size distributions [1], [2]. ii)
urban agglomerations, in which serveral neighboring cities in
some areas converge to integrate large metropolitan areas [3],
[4]. iii) Allometric scaling relative growth, namely there are
superlinear growth on urban economic output and sublinear
growth on resource consumption [5], [6], and the economic
output rate and resource utilization rate of large cities are
relatively higher. In order to effectively describe and explain
these properties of urban system, researchers have conducted
a series of studies from many perspectives [7], [8]. In this
respect, Central Place Theory which was originally proposed
by W. Christaller is one of the representative theoretical
frameworks [9], [10]. Its mainly assumptions are based on
regional economics, that is, the city is based on the “center”
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of providing various services. In an ideal uniform space, a
stable central distribution based on hexagons will appear [11]–
[13]. According to this theory, considering the different types
of industral/commercial services, the resource requirements
are different, and the services required for higher resources
are gathered in large cities. This theroy has achieved a great
success in explaining of the size distribution and industrial spa-
tial distribution of cities [12], [13]. In addition, the structural
stability of urban aggregations and the identification of urban
agglomerations in actual urban systems are also analyzed
according to this theoretical framework [14], [15], showing
the wide applicability of the theory.
In this paper, considering the basic model of Central Place
Theory, we propose an novel method for the analysis of urban
spatial distribution and cities’ economic relationships based
on the conversion of triangle mapping. Using this method,
our empirical analysis of the spatial distribution of Chinese
cities shows that the spatial location relationship between cities
is sharply different in the cases of both economic volume
heterogeneous and homogeneous. The difference shows that
there are competitive and cooperative relationship between
cities, and the two types of relationship change along the
variation on the relative strength of economic volume of the
two cities.
II. DATASET
We collect the data of urban economy of Chinese cities from
the “China Statistical Yearbook for Regional Economy” in the
year of 2003, 2008 and 2013. The dataset includes the Gross
Domestic Product (GDP) and the employment population for
almost all the cities of mainland China in 2002, 2007 and
2012. Among them, the dataset of 2002, 2007 and 2012
contains information of 336, 337 and 337 cities respectively.
At the same time, we get the latitude and longitude of each
city’s center position from the page of each city on Wikipedia
(wikipedia.com).
III. EMPIRICAL ANALYSIS
A. The nearest neighbor mapping triangle
We analyze the geographical relations between cities by
mapping the real-world position of cities to a regular triangle.
The basic method of this mapping is that, for an observed city,
we firstly define a regular triangle and put the transformed
position of the observed city on the center of the regular
triangle, and then transform the positions of the three nearest
neighboring cities of the observed city onto the three corners
of the regular triangle according to their geographical position
and in the direction determined by a certain sequence of cities.
The reason why we map to the regular triangle is that, on the
one hand, the regular triangle structure is the subsystem of the
hexagonal structure in the ideal model of Central Place Theory
[9], [10]; On the other hand, the triangles formed by the real-
world positions of three neighboring cities must be convex,
while the quadrilateral and other polygon transformations
cannot ensure that the convexity of the polygon before and
after the transformation is invariable. In addition, triangle
transform minimizes the requirement of information of nearest
neighboring cities and ensures the convenience of analysis.
Using the regular triangle transform, we first analyze the
location relationship between each city and its three nearest
neighboring cities. In this transform, the three nearest cities
of the observed city are projected onto the three vertices (0,√
3
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) of the regular triangle with a
length of 1 in order of GDP from high to low. At this point, the
coordinates of the three nearest neighbor cities Ai(i = 1, 2, 3)
and the mapping positions in the regular triangle A
′
i satisfy
the following mapping relation:
AM = A
′
i, (1)
where M is the matrix of coordinate transformation. Accord-
ing to the coordinates of the three nearest neighbors, the matrix
of coordinate transformationM is calculated and the mapping
position of the observed city in the regular triangle is obtained:
B
′
= BM , where B is the original geographical location of
the observed city. In the following discussions, the resulting
triangle of the transformation is called the mapping triangle.
Fig. 1 shows the relative positional relationship of each city
within the mapping triangle after the above triangle transform.
It can be found that the relative position of each city is not
evenly distributed in the mapping triangle, but concentrated
near the center of the mapping triangle and the three side
of the perpendicular direction. Since the three vertices of
the mapping triangle are the projection positions of the three
nearest neighbors of the city, this characteristic shows that
the city tends to appear near the center of the gap in the
neighboring cities, and the probability of near the three vertices
is relatively low, suggesting that there is a spatial exclusion
effect between the cities, that is, a relative position is too close
the settlements of other cities are difficult to develop into new
cities.
Considering that the data points are gathered near the center
of the mapping triangles, we use two indicators to measure
the centralization of data points: i) the proportion q of cities
in the central triangle of the mapping triangle (as shown in
the deep red triangle region of the mapping triangle center of
Fig. 1); ii) the average distance d of each city from the nearest
midperpendicular of three sides in the mapping triangle. Since
our analysis focus on the interaction between the city and its
Fig. 1. The relative position distribution of the cities in the mapping triangle
(shallow red triangular area) of the three cities in its nearest neighbor in
2012. The three nearest neighboring cities are arranged counterclockwise from
the vertex (0,
√
3/3) in descending order of GDP. The data point size is
proportional to the logarithm of the city’s GDP. The central triangle is shown
by the deep red triangular region. The data point size is proportional to the
logarithm of the city’s GDP.
surrounding cities, we mainly investigate the data points that
fall into the interior of the mapping triangle, which can ensure
that the surrounding cities are non marginal and encircling.
Therefore the calculation of the above two indicators is only
for the data points inside the mapping triangle. In Fig. 1, the
total number of cities in the mapping triangle is 76, in which
the number of cities in the central triangle is 48, and the q
is 0.63. The average distance of each city from the nearest
midperpendicular in the mapping triangle d = 0.0409.
We further construct a Null model to test the significance
of the center-gathering tendency. In the Null model, we firstly
randomly put N points in a square space, and then calculate
the mapping position of each point in mapping triangle that
maps by its three nearest neighboring points using the same
mapping method, and calculate the central triangle proportion
q0 and the average distance d0 of the nearest midperpendicular.
In the case of N = 337 (the number of cities in 2012), we
numerically run the Null model with 104 independent times
and obtain q0 = 0.45 and d0 = 0.049. Comparing with the
results in Fig. 1, we get the corresponding extreme probability
Pq(q0 > q) = 0.001 and Pd(d0 < d) = 0.026, indicating that
the center-gathering tendency is significant, as shown in Fig.
1.
B. The mapping triangle based on GDP relationship
In order to understand the geographical structure of the
regional economy, we analyze the economic aggregate dis-
tribution of each city by using the mapping triangle method.
We use GDP of each city as a measure of the total amount
of the economy. Here the mapping method is that, we select
the three nearest cities from all cities where the GDP is higher
than the observed city itself, to map to the three corners of the
triangle in counterclockwise order along the descending order
of GDP (mapping the cite with highest GDP at position (0,√
3
3
), and then calculate the relative position of the observed
city in the mapping triangle. The reason why we use the
nearest cities with higher GDP is that these cities would have
stronger impact on the observed city.
Using this method, the locations of each city on mapping
triangle based on the GDP are shown in Fig. 2. We can find
that there is similar center-gathering property on the mapping
triangle. In order to test the significance of the center-gathering
property, we also construct a Null model. Unlike the above
Null model, due to this mapping method considers GDP of
cities, this Null model aims to test the effect of GDP difference
on real-world city positions. Therefore the original position of
each city has become the background of statistical information
and the city’s GDP distribution will affect the statistical results,
and we thus build the Null model by randomly exchanging the
GDP of each pair of cities. In this Null model, each city’s
position is fixed as its real-world coordinate, but its GDP
value is completely randomized by random exchange between
different cities. TABLE I lists the central triangle proportion
q, the average distance d of midperpendicular in 2012, 2007
and 2002, and the corresponding extreme case probability
Pq(q0 > q) and Pd(d0 < d) of Null models for each
year. However, comparing with the nearest neighbor mapping
triangle based on only geographical location of cities, the
significance of center-gathering property is obviously weak,
and even its d value does not show any obvious tendency, as
shown in TABLE I.
TABLE I
RESULTS OF MAPPING TRIANGLES BASED ON GDP RELATION IN EACH
YEAR.
Year q Pq(q0 > q) d Pd(d0 < d)
2002 0.52 0.467 0.048 0.502
2007 0.53 0.413 0.048 0.617
2012 0.60 0.074 0.043 0.256
C. The transition between competition and cooperation
The construction of mapping triangles in the above two
cases can be regarded as two special cases with different
thresholds, and the threshold is the ratio of GDP between
each neighboring city and the observed city (in the following
discussions, the threshold is represented by µ). In other words,
the threshold µ means that, three angles of the mapping
triangle correspond to the three nearest neighboring cities
whose GDP reaches µ times of the observed city’s GDP. The
nearest neighbor mapping triangle therefore actually is same to
the case with the threshold µ = 0, and the mapping triangle
based on the GDP relationship corresponds to the threshold
µ = 1.0.
Fig. 2. The distribution of each city in mapping triangle (the region in light
pink triangle) for 2012 (the top panel) and 2002 (the below panel). They are
composed by three nearest neighboring cities whose GDP is higher than that
of the city. Three neighboring cities are arranged counterclockwise from the
vertex (0,
√
3/3) in descending order of GDP. The central triangle is shown
by the deep red triangular region. The data point size is proportional to the
logarithm of the city’s GDP.
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Fig. 3. The central triangle proportion q of each year along the change of
threshold µ (The curve with pink data points in each panel). The blue dash
line in each panel is the center triangle ratio q0 along the change of µ in the
Null model; The inset panels show the extreme case probability Pq(q0 > q)
vs. µ for the Null models of each year, where the gray dotted line represents
Pq(q0 > q) = 0.5. The gray area indicates the window with center-gathering
property, that is, the region of µ where q0 is higher than the Null model
predictive value.
Considering the significance of the center-gathering prop-
erty obtained under µ = 0 and 1.0, it is necessary to explore
the relationship between the center-gathering property and the
threshold µ. We calculated the central triangle proportion q(µ)
for each year under different values of µ. Furthermore, in the
case of µ > 0, the Null model is constructed by random
exchange of GDP values of each pair of cities. The central
triangle proportion q0(µ) and the extreme case probability
Pq(q0 > q)(µ) of the Null model are calculated. For a given µ
value, if q(µ) > q0(µ), it indicates a possible center-gathering
tendency; otherwise, the data points are more likely to be
attracted to close the three vertices in the mapping triangle.
We find that the center-gathering property mainly emerges
when µ is close to 1.0, as indicated by the grey regions in
Fig. 3. The range of gray region in 2012, 2007 and 2002
respectively is (0.72, 1.20), (0.74, 1.18), (0.74, 1.22), which is
Fig. 4. The mapping triangle of the case µ = 2.5. Three neighboring cities
are arranged counterclockwise from the vertex (0,
√
3/3) in descending order
of GDP. The central triangle is shown by the deep red triangular region. The
data point size is proportional to the logarithm of the city’s GDP.
generally in the same. The result indicates that the economic
relationship between neighboring cities with similar economic
volume mainly is competition and exclusion. And the major
in the region of µ outside the gray area did not show the
center-gathering tendency. On the contrary, the property of
corner gathering is more obvious. Especially in the case of
µ > 1.5, Pq(q0 > q) > 0.9 for the major of this region,
showing a relatively strong corner-gathering tendency, as the
tyical case when µ = 2.5 shown in Fig. 4, implying that when
a pair of neighboring cities have a large economic difference,
the competitive exclusion relationship between them trends
to weak and will be replaced by an attractive and cooperative
relationship. According to the upper bounds of the gray regions
in Fig. 3, the critical point of the GDP ratio between the two
cities from competition to cooperation is about 1.2. In other
words, the relationship between two neighboring cities will
be change when their economic difference is higher than 1.2
times.
IV. CONCLUSION AND DISCUSSION
We propose a method that maps the position of each set
of neighboring cities to a regular triangle projected from the
relative position of its three neighboring cities. The distribution
of the relative position of cities in the mapping triangle can
reflect several features of the geographical and economic
spatial structure of Chinese urban system. In fact, the triangle
transition replaces the geographical location of cities by their
relative position with neighboring cities to ensure the compa-
rability of the spatial relationship for different cities.
Our analysis takes into account of the relationship of
geographical location and the economic spatial distribution
of urban system. Noticed that when urban economic effect
is considered in our discussion, and the three corners of the
mapping triangle usually are not the observed city’s nearest
cities. When the threshold µ is higher, the three corners of the
mapping triangle correspond to the spatial position of the city
may be far apart. In this case, the statistical patterns of the
mapping triangle indicate the existence of long-range impact
in urban system, especially for large cities.
Using this method, the observed features from urban sys-
tems include the following points: i) between the city and
its nearest neighbors, obvious central agglomeration appears
on the mapping triangle, suggesting that the nearest neighbor
cities are dominated by competition and repulsion; ii) there is
a obvious center-gathering effect for the relationship between
cities and its nearest cities with close economic scale, implying
stronger competition, while cities with large differences in the
size of the neighboring cities show a triangular separation in
the mapping triangle, revealing a strong trend of cooperation;
iii) the tendency from competitive exclusion change to co-
attraction, the corresponding urban GDP ratio of the threshold
is about 1.2. The transition of the relationship and the detailed
process that is relevent to the underlying driven dynamics (e.g.
the adjustment of its industrial structure and layout), and its
role in the emergence of urban agglomerations, need deeper
studies to investigate.
Furthermore, competition and cooperation between individ-
uals often coexists in many types of socio-economic com-
plex systems [16], [17]. The transition of relationship on
the threshold that depends on the ratio of two neighboring
cities’ economic volume observed in urban system may also
exists in other types of competing-cooperating systems, for
example, the competition and cooperation between individuals,
social groups or enterprises. This problem still need further
empirical studies on these systems. In summary, the method
of mapping triangle provides a novel insight in digging of
spatial distributions and the tendency of relationships between
spatial elements in urban system or other spatial systems.
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